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Persistence of nonlocality for bipartite quantum spin systems
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Generic forms of the entangled states of two spin-1 (and spin- 3
2
) particles, along with the set of
appropriate spin observables that together exhibit maximum nonlocality under the Hardy’s nonlo-
cality test are given; the maximum nonlocality is shown to be 0.09017. It is conjectured that this
result holds good for a system of two spin-j particles for all values of j. It is also shown that no
maximally entangled state of two spin-j particles responds to the Hardy’s nonlocality test.
PACS numbers: 03.65.-w, 03.65.Ta, 03.65.Ud, 03.65.Bz
I. INTRODUCTION
The Hardy’s nonlocality test is an experiment that showcases the nonlocality present in entangled states of bipartite
as well as multipartite quantum systems. Unlike the Bell test, it is devoid of inequalities. Hardy originally gave the test
for a system comprising of the spins of an electron and positron in an experimental setup consisting of two overlapping
Mach-Zehnder interferometers [1]. Clifton and Niemann [2] generalized it for a system of two spin-j particles, which
was later reduced to it’s minimal form by Kunkri and Choudhary [3]. This later version of the Hardy’s nonlocality
test for two spin-j particles prescribes a minimal number of non-commuting spin-j observables (two for each spin-j
particle) and a minimal number of correlation measurements on the two particles such that one of the correlations
gives a measure of the amount of nonlocality. The conditions on the correlation measurements are such that the
four spin-j observables, if replaced by (2j + 1)-valued classical random variables, yield an incompatible set of joint
probabilities, thus revealing the nonclassical nature of the quantum correlation present in the joint state of the two
spin-j particles.
It is known that the Hardy’s nonlocality test shows a maximum nonlocality (in terms of a joint probability) of
(−11 + 5√5)/2 ≈ 0.09017, over all possible states of two spin- 12 particles, for all possible choices of observables; and
that the maximally entangled states of the system do not respond to the test. In this paper, we explicitly work out
the test for systems consisting of two spin-1 and spin- 32 particles; we obtain their entangled states along with the sets
of appropriate observables that together exhibit maximum nonlocality. The maximum nonlocality in these systems
turns out to be (−11+5√5)/2 as well and we conjecture that this result holds good for all higher spin values. Validity
of this conjecture shows “persistence of nonlocality” as opposed to the general notion that higher the spin value j,
more closer will be the behaviour of the spin-j quantum system to a classical one [2]. We also show that no maximally
entangled state of two spin-j particles responds to the Hardy’s nonlocality test.
In section II, the Hardy’s nonlocality test for two (2j+1)-level systems is described. In section III, it is shown that
no maximally entangled state of two spin-j particles satisfies the Hardy’s nonlocality conditions. In sections IV , V
and V I, the Hardy’s nonlocality test for systems of two spin- 12 , spin-1 and spin-
3
2 particles are described, respectively.
Having found the maximally nonlocal Hardy state with the same amount of maximum nonlocality for j = 12 , 1,
3
2 ,
in section V II, the generic form of such a Hardy state for any spin j and it’s maximum amount of nonlocality is
discussed and a conjecture made on the persistence of nonlocality. The result is verified with a discussion of the test
for a system of two spin-2 particles in Appendix D. Section V III deals with the conclusion. Some proofs are given in
a few other appendices.
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2II. HARDY’S NONLOCALITY TEST FOR TWO (2j + 1)-LEVEL SYSTEMS
The Hardy’s nonlocality test for two (2j+1)-level systems, in it’s minimal form, is given by the following conditions:
prob(A1 = +j, B1 = +j) = 0,
prob(A1 = +j − 1, B2 = −j) = 0,
prob(A1 = +j − 2, B2 = −j) = 0,
. . . . . . . . .
. . . . . . . . .
prob(A1 = −j, B2 = −j) = 0,
prob(A2 = −j, B1 = +j − 1) = 0,
prob(A2 = −j, B1 = +j − 2) = 0,
. . . . . . . . .
. . . . . . . . .
prob(A2 = −j, B1 = −j) = 0,
prob(A2 = −j, B2 = −j) ≡ q > 0,


(1)
where each of A1, A2, B1 and B2 is a {+j, +j − 1, ..., −j}-valued random variable.
No local realistic theory satisfies these conditions [3]. However, there exist quantum mechanical states of two spin-j
particles for which these conditions are satisfied when the random variables A1, A2, B1 and B2 are replaced by
spin-j observables Aˆ1, Aˆ2, Bˆ1 and Bˆ2, respectively, such that Aˆ1&Aˆ2 (and Bˆ1&Bˆ2) are non-commuting. Evidently,
the (4j + 2)-th state |Aˆ2 = −j, Bˆ2 = −j〉 has to be linearly independent of the first (4j + 1) number of states
|Aˆ1 = j, Bˆ1 = j〉, |Aˆ1 = j − 1, Bˆ2 = −j〉, |Aˆ1 = j − 2, Bˆ2 = −j〉, . . ., |Aˆ1 = −j, Bˆ2 = −j〉, |Aˆ2 = −j, Bˆ1 = j − 1〉,
|Aˆ2 = −j, Bˆ1 = j−2〉, . . ., |Aˆ2 = −j, Bˆ1 = −j〉 in order that q > 0. So, for a given set of two pairs of non-commuting
spin-j observables (Aˆ1, Aˆ2) and (Bˆ1, Bˆ2), the maximum value of q will be attained by that state, which is obtained
from the (4j + 2)-th state by projecting out the contributions from the first (4j + 1) states in it. This approach will
not help us to test whether an arbitrarily given entangled state of two spin-j systems would respond positively to the
Hardy’s nonlocality test given by Eq.(1). Keeping this fact in mind, apart from the maximum value of q, we provide
in this paper (for a given set of observables), the set of all states of two spin-j particles, each of which will satisfy the
conditions in Eq.(1), for a few smaller values of q.
In this direction, consider Alice and Bob, who are two far-apart observers, sharing multiple identical copies of an
entangled state of two spin-j particles between them. Say Alice can perform measurement of any one of the two
non-commuting spin-j observables Aˆ1&Aˆ2 on her spin-j particle, while Bob can perform measurement of any one of
the two non-commuting observables Bˆ1&Bˆ2 on his spin-j particle. Without any loss of generality, we let Alice and
Bob fix one of their observables along their own independent (and arbitrary) z-axes i.e. Aˆ2 ≡ Sˆz and Bˆ2 ≡ Sˆz. The
observables Aˆ1 and Bˆ1 are then chosen to be of the form:
Aˆ1 = mˆ.Sˆ,
Bˆ1 = nˆ.Sˆ,
where mˆ = (sin θ1 cosφ1, sin θ1 sinφ1, cos θ1), nˆ = (sin θ2 cosφ2, sin θ2 sinφ2, cos θ2), with θ1, θ2 ∈ (0, pi) and
φ1, φ2 ∈ [0, 2pi); Sˆ = (Sˆx, Sˆy, Sˆz). Note that the two end points θ1 = 0, pi (and also θ2 = 0, pi) are not considered
here as Aˆ1&Aˆ2 (and also Bˆ1&Bˆ2) are taken to be non-commuting. The two observers then perform local measurements
on each copy of the shared entangled state. We call these measurements here as correlation-measurements.
III. HARDY’S NONLOCALITY FOR MAXIMALLY ENTANGLED STATES IN CI2j+1 ⊗CI2j+1
Here, we show that there exists no maximally entangled state of two spin-j particles that responds to the Hardy’s
nonlocality test.
Proof: Assume |Ψ〉 to be a maximally entangled states in CI2j+1 ⊗ CI2j+1. Let
|Ψ0〉 = 1√
2j + 1
∑
s∈{−j, −j+1,.., +j}
|Aˆ2 = s〉 ⊗ |Bˆ2 = s〉
be the standard maximally entangled state in CI2j+1⊗CI2j+1. So, any general maximally entangled state |Ψ〉 can then
3be written as |Ψ〉 = (I ⊗ U)|Ψ0〉, where U is a (2j + 1)× (2j + 1) unitary matrix. Thus, we have here
|Ψ〉 = 1√
2j + 1
∑
s∈{−j, −j+1,.., +j}
|Aˆ2 = s〉 ⊗ U |Bˆ2 = s〉. (2)
The Hardy’s nonlocality test in Eq.(1), when applied to |Ψ〉, gives rise to the following conditions:
|〈Ψ|Aˆ1 = +j, Bˆ1 = +j〉|2 = 0, (3)
|〈Ψ|Aˆ1 = +j − 1, Bˆ2 = −j〉|2 = 0,
|〈Ψ|Aˆ1 = +j − 2, Bˆ2 = −j〉|2 = 0,
. . . . . . . . .
. . . . . . . . .
|〈Ψ|Aˆ1 = −j, Bˆ2 = −j〉|2 = 0,


(4)
|〈Ψ|Aˆ2 = −j, Bˆ1 = +j − 1〉|2 = 0,
|〈Ψ|Aˆ2 = −j, Bˆ1 = +j − 2〉|2 = 0,
. . . . . . . . .
. . . . . . . . .
|〈Ψ|Aˆ2 = −j, Bˆ1 = −j〉|2 = 0,


(5)
|〈Ψ|Aˆ2 = −j, Bˆ2 = −j〉|2 ≡ q > 0. (6)
From the conditions in Eq.(5), we get:
|〈Bˆ1 = +j − 1|U |Bˆ2 = −j〉|2 = 0,
|〈Bˆ1 = +j − 2|U |Bˆ2 = −j〉|2 = 0,
. . . . . . . . .
. . . . . . . . .
|〈Bˆ1 = −j|U |Bˆ2 = −j〉|2 = 0.


These conditions imply that
U |Bˆ2 = −j〉 ∝ |Bˆ1 = +j〉. (7)
From the condition in Eq.(3), we get:
| 1√
2j + 1
∑
s∈{−j, −j+1,.., +j}
〈Aˆ2 = s|Aˆ1 = +j〉 × 〈Bˆ2 = s|U †|Bˆ1 = +j〉|2 = 0. (8)
From Eq.(7) and Eq.(8), we get:
|〈Aˆ2 = −j|Aˆ1 = +j〉|2 = 0. (9)
From Eq.(4), for all s ∈ {−j, −j + 1, .., +j − 1}, we get:
|〈Ψ|Aˆ1 = s, Bˆ2 = −j〉|2 = 0,
⇒ | 1√
2j + 1
∑
t∈{−j, −j+1,.., +j}
〈Aˆ2 = t|Aˆ1 = s〉 × 〈Bˆ2 = t|U †|Bˆ2 = −j〉|2 = 0. (10)
Thus, for all s ∈ {−j, −j + 1, .., +j − 1}, we have:
|(
∑
t∈{−j, −j+1,.., +j}
〈Bˆ2 = −j|U |Bˆ2 = t〉|Aˆ2 = t〉)†|Aˆ1 = s〉| = 0,
⇒ |Aˆ1 = s〉 ⊥
∑
t∈{−j, −j+1,.., +j}
〈Bˆ2 = −j|U |Bˆ2 = t〉|Aˆ2 = t〉,
⇒
∑
t∈{−j, −j+1,.., +j}
〈Bˆ2 = −j|U |Bˆ2 = t〉|Aˆ2 = t〉 ∝ |Aˆ1 = +j〉. (11)
4Using Eq.(9) in Eq.(11), we get:
〈Bˆ2 = −j|U |Bˆ2 = −j〉 = 0. (12)
From Eq.(6) and Eq.(12), we get:
0 < q = | 1√
2j + 1
∑
t∈{−j, −j+1,.., +j}
〈Aˆ2 = t|Aˆ2 = −j〉 × 〈Bˆ2 = t|U †|Bˆ2 = −j〉|2
=
1√
2j + 1
|〈Bˆ2 = −j|U †|Bˆ2 = −j〉|2
=
1√
2j + 1
|〈Bˆ2 = −j|U |Bˆ2 = −j〉|2
= 0. (13)
So, q must be zero–a contradiction. Hence, it is proved that there exists no maximally entangled state of two spin-j
particles that satisfies the Hardy’s nonlocality conditions. QED
IV. A SYSTEM OF TWO SPIN- 1
2
PARTICLES
For the sake of continuity of argument, in this section we briefly mention the Hardy’s nonlocality test for states of
two spin- 12 particles, which is already known in the literature. Note that in all calculations pertaining to this system,
the eigenvalues of the spin- 12 observables are taken to be ±1 instead of ± 12 .
The spin- 12 observables Aˆ1 and Bˆ1 may be written in their most general form, in the eigen-bases of Aˆ2 ≡ Sˆz and
Bˆ2 ≡ Sˆz, as:
Aˆ1 =
(
cos θ1 sin θ1e
−iφ1
sin θ1e
iφ1 − cos θ1
)
, Bˆ1 =
(
cos θ2 sin θ2e
−iφ2
sin θ2e
iφ2 − cos θ2
)
.
Their eigenvectors are then given by:
|Aˆ1 = +1〉 = a11|+ 1〉+ a12| − 1〉,
|Aˆ1 = −1〉 = a21|+ 1〉+ a22| − 1〉,
|Bˆ1 = +1〉 = b11|+ 1〉+ b12| − 1〉,
|Bˆ1 = −1〉 = b21|+ 1〉+ b22| − 1〉,

 (14)
where (
a11 a12
a21 a22
)
=
(
cos θ12 e
iφ1 sin θ12
e−iφ1 sin θ12 − cos θ12
)
and similar expressions for bij ’s with (θ1, φ1) being replaced by (θ2, φ2). In this system, non-commutativity of the
observables at each observer demands that the eigenvectors of each observable have a strictly non-zero projection on
the eigenvectors of the other observable at the same observer i.e. if |Aˆi = ±1〉 = α±|Aˆj = +1〉+ β±|Aˆj = −1〉 with
i 6= j, then α±β± 6= 0. Hence, all aij ’s and bij ’s (i, j ∈ {1, 2}) in Eq.(14) are strictly non-zero.
A. The Hardy’s nonlocality test
The following conditions constitute the Hardy’s nonlocality test for the given system:
prob(Aˆ1 = +1, Bˆ1 = +1) = 0,
prob(Aˆ1 = −1, Bˆ2 = −1) = 0,
prob(Aˆ2 = −1, Bˆ1 = −1) = 0,
prob(Aˆ2 = −1, Bˆ2 = −1) = q > 0.

 (15)
One can show that the four conditions in Eq.(15) will have contradiction with local-realism.
5We associate a state with every condition in the test, say:
|Φ1〉 = |Aˆ1 = +1〉 ⊗ |Bˆ1 = +1〉,
|Φ2〉 = |Aˆ1 = −1〉 ⊗ |Bˆ2 = −1〉,
|Φ3〉 = |Aˆ2 = −1〉 ⊗ |Bˆ1 = −1〉,
|Φ4〉 = |Aˆ2 = −1〉 ⊗ |Bˆ2 = −1〉.

 (16)
B. A 3-d subspace S
The states |Φ1〉, |Φ2〉 and |Φ3〉 are linearly independent and span a 3-d subspace S, of CI 2 ⊗ CI 2.
Proof: Consider a linear combination of |Φ1〉, |Φ2〉 and |Φ3〉 equated to zero:
a|Φ1〉+ b|Φ2〉+ c|Φ3〉 = 0,
⇒ a|Aˆ1 = +1〉 ⊗ |Bˆ1 = +1〉+ b|Aˆ1 = −1〉 ⊗ |Bˆ2 = −1〉
+c|Aˆ2 = −1〉 ⊗ |Bˆ1 = −1〉 = 0. (17)
i.e. aa11b11|Aˆ2 = +1〉 ⊗ |Bˆ2 = +1〉+ (aa11b12 + ba21)|Aˆ2 = +1〉 ⊗ |Bˆ2 = −1〉
+(aa12b11 + cb21)|Aˆ2 = −1〉 ⊗ |Bˆ2 = +1〉
+(aa12b12 + ba22 + cb22)|Aˆ2 = −1〉 ⊗ |Bˆ2 = −1〉 = 0.
Since the states in the above equation are mutually orthogonal and all aij ’s and bij ’s (i, j ∈ {1, 2}) are strictly
non-zero, there exists only a trivial solution, i.e., a = b = c = 0. Hence, the three states span a 3-d subspace S, of
CI 2 ⊗ CI 2. QED
It is also useful to note here that the states |Φ1〉, |Φ2〉, |Φ3〉 and |Φ4〉 can in fact be shown to be linearly independent.
C. The Hardy subspace
A state |ψ〉 that responds to the Hardy’s nonlocality test, in order to satisfy the correlation conditions in Eq.(15),
needs to be present in the subspace of CI 2 ⊗ CI 2, which is orthogonal to S, call it the Hardy subspace (S⊥ ). Since
S is a 3-d subspace, the Hardy subspace spans a single dimension. Thus there is a unique state |ψ〉 in the Hardy
subspace corresponding to this system and we call it the Hardy state.
D. Gram-Schmidt Orthonormalization
Using Gram-Schmidt orthonormalization procedure, one can find an orthonormal basis {|Φ′1〉, |Φ′2〉, |Φ′3〉} for S as
follows:
|Φ′1〉 = |Φ1〉,
|Φ′2〉 = |Φ2〉,
|Φ′3〉 = |Φ3〉−〈Φ
′
2|Φ3〉|Φ′2〉√
1−(|〈Φ′2|Φ3〉|2)


The Hardy state |ψ〉, will then be given by:
|ψ〉 = |Φ4〉 − 〈Φ
′
1|Φ4〉|Φ′1〉 − 〈Φ′2|Φ4〉|Φ′2〉 − 〈Φ′3|Φ4〉|Φ′3〉√
1− (|〈Φ′1|Φ4〉|2 + |〈Φ′2|Φ4〉|2 + |〈Φ′3|Φ4〉|2)
. (18)
The amount of nonlocality q, exhibited by this state, can be found to be:
q = |〈ψ|Φ4〉|2,
= 1−
3∑
i=1
|wi|2, (19)
6where wi = 〈Φ′i|Φ4〉 for i ∈ {1, 2, 3}. Now, one can find out the values of |wi|2 in terms of the coefficients ajk’s and
bjk’s that appeared in Eq.(14). q then takes the form:
q = (1 − |a22|2)− |b22|
2(1− |a22|2)2
(1− |b22|2|a22|2) − |a12|
2|b12|2. (20)
Upon substitution of the values of these coefficients in terms of θ1, θ2, φ1 and φ2, q takes the form:
q = − sin
2 θ1 sin
2 θ2
4(−3 + cos θ1 + cos θ2 + cos θ1 cos θ2) . (21)
E. Maximizing q through observables
The amount of nonlocality q exhibited by the Hardy state |ψ〉, can now be maximized by a suitable choice of the
observables Aˆ1, Aˆ2, Bˆ1 and Bˆ2, i.e., by a suitable choice of θ1, θ2 ∈ (0, pi) (with arbitrarily chosen φ1, φ2 ∈ [0, 2pi)).
The two equations
∂q
∂θ1
≡ − (3−12 cos θ1+cos 2θ1+8 cos
4 θ1
2 cos θ2) sin θ1 sin
2 θ2
8(−3+cos θ1+2 cos2 θ12 cos θ2)2
= 0,
∂q
∂θ2
≡ − (3−12 cos θ2+cos 2θ2+8 cos
4 θ2
2 cos θ1) sin θ2 sin
2 θ1
8(−3+cos θ2+2 cos2 θ22 cos θ1)2
= 0,


give rise to the following solution: (cos θ1, cos θ2) = (−2 +
√
5, −2 +√5).
Thus, we see that the optimal value of the symmetric function q in Eq.(21) occurs on the plane θ1 = θ2. Now
taking θ1 = θ2 = θ(say) in Eq.(21) and maximizing q over θ, one can see that at that value of θ ∈ (0, pi) for which
cos θ = −2 +√5, q attains its maximum value, which is equal to −11+5
√
5
2 ≈ 0.0901699. The corresponding value of
θ is 76.35 degrees.
F. Hardy’s nonlocality for a given state
Given any non-maximally entangled two-qubit pure state |ψ′〉, one can always find out the largest eigenvalue
λψ′ ∈ (12 , 1) of the single qubit reduced density matrix ρψ
′
2 = Tr2(|ψ′〉〈ψ′|). Note that λψ′ is the only SU(2)⊗SU(2)-
invariant of the two-qubit pure state |ψ′〉. The determinant of ρψ′2 , Iψ′ = λψ′(1−λψ′) ∈ (0, 14 ), a function of λψ′ , can
also be taken as the invariant quantity instead of λψ′ .
Now, consider the state |ψ〉 in Eq.(18). It takes the following form in the standard basis (i.e. the basis of the
observables Aˆ2 ≡ Sˆz and Bˆ2 ≡ Sˆz):
|ψ〉 = a11a
∗
12b11b
∗
12
|a11a12b11b12|
√
1− |a11b11|2
×[
√
1− |a11b11|2 − |a11a12b11|2|+ 1〉 ⊗ (1− |a11b11|
2)|+ 1〉 − |a11|2b∗11b12| − 1〉√
1− |a11b11|2 − |a11b11b12|2
−a∗11a12b∗11| − 1〉 ⊗ (b11|+ 1〉+ b12| − 1〉)]. (22)
The single qubit reduced density matrix ρψ2 , is then given by:
ρψ2 =
1
1− |a11b11|2
(
(1 − |a11b11|2 − |a11b11b12|2) −b11b∗12|a11b12|2
−b∗11b12|a11b12|2 |a11b11b12|2
)
, (23)
whose characteristic equation can be found out to be:
λ2 − λ+ |a11a12b11b12|
2
(1− |a11b11|2)2 = 0. (24)
Hence,
Iψ =
|a11a12b11b12|2
(1− |a11b11|2)2
=
sin2 θ1 sin
2 θ2
(3− cos θ1 − cos θ2 − cos θ1 cos θ2)2 ∈ (0,
1
4
). (25)
7By varying the values of the four parameters θ1, θ2, φ1, φ2 over all possible allowed values, one can check that
Iψ will scan the entire interval (0,
1
4 ). Hence, there will exist at least one set of values (θ1, θ2, φ1, φ2), for which
Iψ=Iψ′ . This will immediately imply that |ψ′〉 is locally unitarily connected to |ψ〉 for the above-mentioned choice
of (θ1, θ2, φ1, φ2). So, |ψ′〉 will also satisfy the Hardy’s nonlocality conditions. That any given non-maximally
entangled two qubit pure state satisfies the Hardy’s nonlocality conditions, was shown earlier by Goldstein [4].
V. A SYSTEM OF TWO SPIN-1 PARTICLES
The spin-1 observables Aˆ1 and Bˆ1 may be written in their most general form, in the eigen-bases of Aˆ2 ≡ Sˆz and
Bˆ2 ≡ Sˆz, as:
Aˆ1 =


cos θ1
e−iφ1 sin θ1√
2
0
eiφ1 sin θ1√
2
0 e
−iφ1 sin θ1√
2
0 e
iφ1 sin θ1√
2
− cos θ1


and a similar expression for Bˆ1 with (θ1, φ1) replaced by (θ2, φ2).
Their eigenvectors are then given by:
|Aˆ1 = +1〉 = a11|+ 1〉+ a12|0〉+ a13| − 1〉,
|Aˆ1 = 0〉 = a21|+ 1〉+ a22|0〉+ a23| − 1〉,
|Aˆ1 = −1〉 = a31|+ 1〉+ a32|0〉+ a33| − 1〉,
|Bˆ1 = +1〉 = b11|+ 1〉+ b12|0〉+ b13| − 1〉,
|Bˆ1 = 0〉 = b21|+ 1〉+ b22|0〉+ b23| − 1〉,
|Bˆ1 = −1〉 = b31|+ 1〉+ b32|0〉+ b33| − 1〉,


(26)
where

 a11 a12 a13a21 a22 a23
a31 a32 a33

 =


e−2iφ1 (1+cos θ1)
2
e−iφ1 sin θ1√
2
(1−cos θ1)
2
− e−2iφ1 sin θ1√
2
e−iφ1 cos θ1 sin θ1√2
e−2iφ1 (1−cos θ1)
2 − e
−iφ1 sin θ1√
2
1+cos θ1
2


and similar expressions for bij ’s with (θ1, φ1) replaced by (θ2, φ2). In this system, the non-commutativity of
observables at each observer gives rise to the following distinct possibilities with respect to the relationship between
their eigenvectors. The eigenvectors of the two observables (say Xˆ1 and Xˆ2) at an observer could be such that:
1. 0 < |〈Xˆ1 = i|Xˆ2 = j〉| < 1, for all i, j ∈ {+1, 0, −1} (or)
2. |〈Xˆ1 = i|Xˆ2 = j〉| = 1 for a single pair (i, j), where i, j ∈ {+1, 0, −1} (or)
3. |〈Xˆ1 = i|Xˆ2 = j〉| = 0 for a single pair (i, j), where i, j ∈ {+1, 0, −1}.
However, considering the fact that the observables are spin-1 observables, the 2nd case turns out to be infeasible,
while the 3rd case occurs only at θ1 =
pi
2 (and θ2 =
pi
2 ), making a22 (and b22) zero. Without any loss of generality,
we assume the 1st case to hold good in the following analysis (the case θ1 = θ2 =
pi
2 will be automatically included in
this analysis).
A. The Hardy’s nonlocality test
The following conditions constitute the Hardy’s nonlocality test for the given system, in it’s minimal form:
prob(Aˆ1 = +1, Bˆ1 = +1) = 0,
prob(Aˆ1 = 0, Bˆ2 = −1) = 0,
prob(Aˆ1 = −1, Bˆ2 = −1) = 0,
prob(Aˆ2 = −1, Bˆ1 = 0) = 0,
prob(Aˆ2 = −1, Bˆ1 = −1) = 0,
prob(Aˆ2 = −1, Bˆ2 = −1) = q > 0.


(27)
8We associate a state with every condition in the test, say:
|Φ1〉 = |Aˆ1 = +1〉 ⊗ |Bˆ1 = +1〉,
|Φ2〉 = |Aˆ1 = 0〉 ⊗ |Bˆ2 = −1〉,
|Φ3〉 = |Aˆ1 = −1〉 ⊗ |Bˆ2 = −1〉,
|Φ4〉 = |Aˆ2 = −1〉 ⊗ |Bˆ1 = 0〉,
|Φ5〉 = |Aˆ2 = −1〉 ⊗ |Bˆ1 = −1〉,
|Φ6〉 = |Aˆ2 = −1〉 ⊗ |Bˆ2 = −1〉.


(28)
B. A 5-d subspace S
The states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉 are linearly independent and span a 5-d subspace S, of CI 3 ⊗ CI 3. The
proof for this, can be found in Appendix A. It is also useful to note here that the states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉, |Φ5〉
and |Φ6〉 can in fact be shown to be linearly independent.
C. A 4-d subspace S⊥
Consider the subspace of CI 3 ⊗ CI 3, which is orthogonal to S. It’s a 4-d subspace, call it S⊥ . We also call it the
Hardy subspace. We now look for all the product states in S⊥ . Let us choose |η〉 to be orthogonal to |Bˆ1 = +1〉
and |Bˆ2 = −1〉 (Note that by our assumption, 0 < |〈Bˆ1 = +1|Bˆ2 = −1〉| < 1.), then |φ〉 ⊗ |η〉 is orthogonal to
|Φ1〉, |Φ2〉 and |Φ3〉, irrespective of |φ〉. Now, by taking |φ〉=λ|Aˆ2 = +1〉+ µ|Aˆ2 = 0〉, it is ensured that |φ〉 ⊗ |η〉 is
orthogonal to |Φ4〉 and |Φ5〉. Similarly, taking |φ〉 to be orthogonal to |Aˆ2 = −1〉 and |Aˆ1 = +1〉, |η〉 takes the form:
|η〉=λ′|Bˆ2 = +1〉+µ′|Bˆ2 = 0〉. Hence, one can write four product states that are orthogonal to the subspace S, which
are as follows:
|Φ7〉 = |Aˆ2 = +1〉 ⊗ |η〉,
|Φ8〉 = |Aˆ2 = 0〉 ⊗ |η〉,
|Φ9〉 = |φ〉 ⊗ |Bˆ2 = +1〉,
|Φ10〉 = |φ〉 ⊗ |Bˆ2 = 0〉,

 (29)
where |η〉 is orthogonal to both |Bˆ1 = +1〉 and |Bˆ2 = −1〉 and |φ〉 is orthogonal to |Aˆ1 = +1〉 and |Aˆ2 = −1〉.
In fact, the states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉 are the only four product states in the CI 3 ⊗ CI 3 space that are
orthogonal to the subspace S.
Proof: Let |χ〉 ⊗ |ζ〉 be any product state of the system other than the states mentioned in Eq.(29), which is
orthogonal to S, i.e., orthogonal to the states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉 of Eq.(28). Then, it has to satisfy the
following conditions:
(either 〈χ|Aˆ1 = +1〉 = 0 or 〈ζ|Bˆ1 = +1〉 = 0 or both),
(either 〈χ|Aˆ1 = 0〉 = 0 or 〈ζ|Bˆ2 = −1〉 = 0 or both),
(either 〈χ|Aˆ1 = −1〉 = 0 or 〈ζ|Bˆ2 = −1〉 = 0 or both),
(either 〈χ|Aˆ2 = −1〉 = 0 or 〈ζ|Bˆ1 = 0〉 = 0 or both),
(either 〈χ|Aˆ2 = −1〉 = 0 or 〈ζ|Bˆ1 = −1〉 = 0 or both).
There will be at least 25 conditions–not all of them are feasible (for example, 〈χ|Aˆ1 = +1〉 = 〈χ|Aˆ1 = 0〉 = 〈χ|Aˆ1 =
−1〉 = 〈ζ|Bˆ1 = 0〉 = 〈ζ|Bˆ1 = −1〉 = 0 is not possible). We now enumerate all the apparently feasible conditions. For
example, 〈χ|Aˆ1 = +1〉 = 〈χ|Aˆ1 = 0〉 = 0. This will give us |χ〉 = |Aˆ1 = −1〉, hence 〈ζ|Bˆ2 = −1〉 = 0. However,
〈χ|Aˆ2 = −1〉 = 〈Aˆ1 = −1|Aˆ2 = −1〉 6= 0, since 0 < |〈Aˆ1 = −1|Aˆ2 = −1〉| < 1, which immediately implies that
〈ζ|Bˆ1 = 0〉 = 〈ζ|Bˆ1 = −1〉 = 0. So, we must have |ζ〉 = |Bˆ1 = +1〉. However, 〈ζ|Bˆ2 = −1〉 = 〈Bˆ1 = +1|Bˆ2 = −1〉 6= 0,
since 0 < |〈Bˆ1 = +1|Bˆ2 = −1〉| < 1 (according to the initial assumption). Hence, we have reached at a contradiction.
Similar types of contradiction occur in all such apparently feasible choices other than the states |Φ7〉, |Φ8〉, |Φ9〉, |Φ10〉.
QED
9D. Forms of |η〉 and |φ〉
The forms of the states |η〉 and |φ〉 can be obtained by using the orthogonality conditions imposed on them. Since
|η〉 is orthogonal to |Bˆ1 = +1〉 and |Bˆ2 = −1〉, it may be written as:
|η〉 = α|Bˆ2 = +1〉+ β|Bˆ2 = 0〉,
with 〈Bˆ1 = +1|η〉 = 0. (30)
Substituting |Bˆ1 = +1〉 = b11|Bˆ2 = +1〉+ b12|Bˆ2 = 0〉+ b13|Bˆ2 = −1〉 in Eq.(30), while |b11|2 + |b12|2 + |b13|2 = 1
and 0 < |〈Bˆ1 = +1|Bˆ2 = j〉| < 1, for all j ∈ {+1, 0, −1}, we get:
b∗11α+ b
∗
12β = 0,
⇒ β = −b
∗
11
b∗12
α (as b12 6= 0).
Hence, |η〉 can be written as:
|η〉 = α|Bˆ2 = +1〉 − b
∗
11
b∗12
α|Bˆ2 = 0〉.
Taking α=b∗12 and normalizing the state, we get:
|η〉 = b
∗
12|Bˆ2 = +1〉 − b∗11|Bˆ2 = 0〉√
|b11|2 + |b12|2
. (31)
On similar lines, |φ〉 can be found to be:
|φ〉 = a
∗
12|Aˆ2 = +1〉 − a∗11|Aˆ2 = 0〉√
|a11|2 + |a12|2
. (32)
E. A 3-d subspace S′
The states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉 span a 3-d subspace S′, of S⊥ . The proof for this, can be found in Appendix B.
Let us choose the set of states {|Φi〉, i : 7 to 9} to span S′. Moreover, one must also note that the states |Φ7〉, |Φ8〉, |Φ9〉
and |Φ10〉 are orthogonal not only to the states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉, but also to the state |Φ6〉.
F. The Hardy subspace
The most general state |Ψ〉 satisfying the conditions in Eq.(27), has to be of the form |Ψ〉 = v0|ψ〉+
9∑
i=7
vi|Φi〉, with
9∑
i, j=7
viv
∗
j 〈Φj |Φi〉+ |v0|2 = 1, v0 6= 0, where |ψ〉 spans the one-dimensional subspace (S⊕S′)⊥ of the Hardy subspace
S⊥ . Using Gram-Schmidt orthonormalization method, one can get the unique form of |ψ〉 as:
|ψ〉 = |Φ6〉 − 〈Φ
′
1|Φ6〉|Φ′1〉 − 〈Φ′2|Φ6〉|Φ′2〉 − 〈Φ′3|Φ6〉|Φ′3〉 − 〈Φ′4|Φ6〉|Φ′4〉 − 〈Φ′5|Φ6〉|Φ′5〉√
1− (|〈Φ′1|Φ6〉|2 + |〈Φ′2|Φ6〉|2 + |〈Φ′3|Φ6〉|2 + |〈Φ′4|Φ6〉|2 + |〈Φ′5|Φ6〉|2)
,
(33)
with |Φ′1〉, |Φ′2〉, |Φ′3〉, |Φ′4〉 and |Φ′5〉 given by:
|Φ′1〉 = |Φ1〉,
|Φ′2〉 = |Φ2〉,
|Φ′3〉 = |Φ3〉,
|Φ′4〉 = |Φ4〉−〈Φ2|Φ4〉|Φ2〉−〈Φ3|Φ4〉|Φ3〉√1−(|〈Φ2|Φ4〉|2+|〈Φ3|Φ4〉|2) ,
|Φ′5〉 = |Φ
′′
5 〉−〈Φ′4|Φ′′5 〉|Φ′4〉√
1−|〈Φ′4|Φ′′5 〉|2
,


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where |Φ′′5〉 =
|Φ5〉 − 〈Φ2|Φ5〉|Φ2〉 − 〈Φ3|Φ5〉|Φ3〉√
1− (|〈Φ2|Φ5〉|2 + |〈Φ3|Φ5〉|2)
.
G. Functional form of the amount of nonlocality q
The amount of nonlocality q for the Hardy state |Ψ〉 = |ψ〉, can be seen to be the maximum amongst all possible
Hardy states, for a given choice of observables; and is given by:
q = |〈ψ|Φ6〉|2
= 1−
5∑
i=1
|wi|2, (34)
where wi = 〈Φ′i|Φ6〉 for i ∈ {1, 2, 3, 4, 5}. We call |ψ〉, the maximally nonlocal Hardy state of the system.
Now one can find out the values of |wi|2 in terms of the coefficients ajk’s and bjk’s that appeared in Eq.(26). q then
takes the form:
q = (1 − (|a23|2 + |a33|2)) − |b23|
2(1−(|a23|2+|a33|2))2
(1−|b23|2(|a23|2+|a33|2))
− |b33|2(1−(|a23|2+|a33|2))2(1−(|b23|2+|b33|2)(|a23|2+|a33|2))(1−|b23|2(|a23|2+|a33|2)) − |a13b13|2.
}
(35)
Upon substitution of the coefficients in terms of θ1, θ2, φ1 and φ2, q takes the form:
q =
16 cos2 θ12 cos
2 θ2
2 (−3 + cos θ1)(−3 + cos θ2) sin4 θ12 sin4 θ22
39− 20 cos θ1 + 5 cos 2θ1 + 16 cos2 θ12 (−3 + cos θ1) cos θ2 − 4 cos2 θ12 (−3 + cos θ1) cos 2θ2
.
(36)
H. Maximizing q through observables
The amount of nonlocality q exhibited by the maximally nonlocal Hardy state |ψ〉, can now be maximized by a
suitable choice of observables Aˆ1, Aˆ2, Bˆ1 and Bˆ2, i.e., by a suitable choice of θ1, θ2 ∈ (0, pi). The partial derivatives
of q with respect to θ1 and θ2 are calculated, cos θ1 replaced with a and cos θ2 replaced with b (a, b ∈ (−1, +1)) and
the critical points are obtained by solving the following simultaneous equations:
∂q
∂θ1
= 0, ∂q∂θ2 = 0.
i.e.
(−1 + a)√1− a2(1 + (−2 + a)a(−3 + b)− 3b)(−3 + b)(−1 + b)2(1 + b)
× (5−3b+(−2+a)a(1+b))8(7+3(−2+b)b+2a(−3+b)(1+b)−a2(−3+b)(1+b))2 = 0,
(−3 + a)(−1 + a)2(1 + a)(−1 + b)√1− b2(1− 3(−2 + b)b+ a(−3 + b)(1 + b))
× (5+(−2+b)b+a(−3+b)(1+b))8(7+3(−2+b)b+2a(−3+b)(1+b)−a2(−3+b)(1+b))2 = 0.


The above equations give rise to the following solution: (cos θ1, cos θ2) = (2−
√
5, 2−√5).
Thus we see that the optimal value of the symmetric function q in Eq.(35) occurs on the plane θ1 = θ2. Now
taking θ1 = θ2 = θ(say) in Eq.(35) and maximizing q over θ, one can see that at that value of θ ∈ (0, pi) for which
cos θ = 2−√5, q attains its maximum value, which is equal to −11+5
√
5
2
∼= 0.0901699, and the corresponding value of
θ is 103.65 degrees.
It is to be mentioned here that in an earlier work [5], Ghosh and Kar have found a value of q in Hardy-type
nonlocality (not in it’s minimal form as given in Eq.(27)) argument for two spin-1 particles as 0.132 (approximately).
The result in the present work hints at some errors in the calculation of the maximum value of q in the above-
mentioned work of Ghosh and Kar, as the Hardy’s nonlocality conditions used in [5] put further restriction on the
Hardy subspace.
I. Hardy’s nonlocality for a given state
Given any non-maximally entangled pure state |ψ′〉 of two spin-1 particles, one can find out the full set of
SU(3)⊗SU(3)-invariants, namely, I1 = λ1λ2+λ2λ3+λ3λ1 ∈ (0, 13 ) and I2 = λ1λ2λ3 ∈ [0, 127 ), where λi, i ∈ {1, 2, 3}
11
are eigenvalues of the single spin-1 particle reduced density matrix ρψ
′
2 = Tr2(|ψ′〉〈ψ′|). For the state |ψ〉 in Eq.(33),
one can find out I1 and I2. They will, in general be functions of θ1, θ2, φ1, φ2. However, unlike in the case of the
system of two qubits, varying the values of these four parameters over all possible allowed values will not scan the
entire intervals of the invariants I1, I2. This is attributed to the presence of the subspace S
′ (section VE) in this
system which doesn’t exist in the case of the two-qubit system. Nevertheless, if one considers the most general Hardy
state of this system, namely, |Ψ〉 = v0|ψ〉 +
9∑
i=7
vi|Φi〉, with
9∑
i, j=7
viv
∗
j 〈Φj |Φi〉 + |v0|2 = 1, v0 6= 0, where |ψ〉 is the
maximally nonlocal Hardy state (section VF), it can be shown that it’s invariants scan the entire intervals (0, 13 ) and
[0, 127 ). Hence, one can show that |ψ′〉 is locally unitarily connected to one of the Hardy states and thus satisfies the
Hardy’s nonlocality conditions.
VI. A SPIN- 3
2
BIPARTITE SYSTEM
The spin- 32 observables Aˆ1 and Bˆ1 may be written in their most general form, in the eigen-bases of Aˆ2 ≡ Sˆz and
Bˆ2 ≡ Sˆz, as:
Aˆ1 =


3 cos θ1
√
3 sin θ1e
−iφ1 0 0√
3 sin θ1e
iφ1 cos θ1 2 sin θ1e
−iφ1 0
0 2 sin θ1e
iφ1 − cos θ1
√
3 sin θ1e
−iφ1
0 0
√
3 sin θ1e
iφ1 −3 cos θ1


and a similar expression for Bˆ1 with (θ1, φ1) replaced by (θ2, φ2).
Their eigenvectors are then given by:
|Aˆ1 = + 32 〉 = a11|+ 32 〉+ a12|+ 12 〉+ a13| − 12 〉+ a14| − 32 〉,
|Aˆ1 = + 12 〉 = a21|+ 32 〉+ a22|+ 12 〉+ a23| − 12 〉+ a24| − 32 〉,
|Aˆ1 = − 12 〉 = a31|+ 32 〉+ a32|+ 12 〉+ a33| − 12 〉+ a34| − 32 〉,
|Aˆ1 = − 32 〉 = a41|+ 32 〉+ a42|+ 12 〉+ a43| − 12 〉+ a44| − 32 〉,
|Bˆ1 = + 32 〉 = b11|+ 32 〉+ b12|+ 12 〉+ b13| − 12 〉+ b14| − 32 〉,
|Bˆ1 = + 12 〉 = b21|+ 32 〉+ b22|+ 12 〉+ b23| − 12 〉+ b24| − 32 〉,
|Bˆ1 = − 12 〉 = b31|+ 32 〉+ b32|+ 12 〉+ b33| − 12 〉+ b34| − 32 〉,
|Bˆ1 = − 32 〉 = b41|+ 32 〉+ b42|+ 12 〉+ b43| − 12 〉+ b44| − 32 〉,


(37)
where the coefficients aij ’s and bij ’s are given in Appendix C.
In this system, like in the case of a system of two spin-1 particles (section V), without any loss of generality, we
assume that 0 < |〈Aˆ1 = i|Aˆ2 = j〉| < 1, 0 < |〈Bˆ1 = i|Bˆ2 = j〉| < 1 for all i, j ∈ {+ 32 , + 12 , − 12 , − 32}.
A. The Hardy’s nonlocality test
The following conditions constitute the Hardy’s nonlocality test for the given system, in it’s minimal form:
prob(Aˆ1 = +
3
2 , Bˆ1 = +
3
2 ) = 0,
prob(Aˆ1 = +
1
2 , Bˆ2 = − 32 ) = 0,
prob(Aˆ1 = − 12 , Bˆ2 = − 32 ) = 0,
prob(Aˆ1 = − 32 , Bˆ2 = − 32 ) = 0,
prob(Aˆ2 = − 32 , Bˆ1 = + 12 ) = 0,
prob(Aˆ2 = − 32 , Bˆ1 = − 12 ) = 0,
prob(Aˆ2 = − 32 , Bˆ1 = − 32 ) = 0,
prob(Aˆ2 = − 32 , Bˆ2 = − 32 ) = q > 0.


(38)
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We associate a state with every condition in the test, say:
|Φ1〉 = |Aˆ1 = + 32 〉 ⊗ |Bˆ1 = + 32 〉,
|Φ2〉 = |Aˆ1 = + 12 〉 ⊗ |Bˆ2 = − 32 〉,
|Φ3〉 = |Aˆ1 = − 12 〉 ⊗ |Bˆ2 = − 32 〉,
|Φ4〉 = |Aˆ1 = − 32 〉 ⊗ |Bˆ2 = − 32 〉,
|Φ5〉 = |Aˆ2 = − 32 〉 ⊗ |Bˆ1 = + 12 〉,
|Φ6〉 = |Aˆ2 = − 32 〉 ⊗ |Bˆ1 = − 12 〉,
|Φ7〉 = |Aˆ2 = − 32 〉 ⊗ |Bˆ1 = − 32 〉,
|Φ8〉 = |Aˆ2 = − 32 〉 ⊗ |Bˆ2 = − 32 〉.


(39)
B. A 7-d subspace S
As in subsection V B, it can be shown that the states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉, |Φ5〉, |Φ6〉 and |Φ7〉 are linearly
independent and span a 7-d subspace S, of CI 4 ⊗ CI 4. It is also useful to note here that the states |Φ1〉, |Φ2〉, |Φ3〉,
|Φ4〉, |Φ5〉, |Φ6〉, |Φ7〉 and |Φ8〉 can in fact be shown to be linearly independent.
C. A 9-d subspace S⊥
Consider the subspace of CI 4 ⊗ CI 4, which is orthogonal to S. It’s a 9-d subspace, call it S⊥ . We also call it the
Hardy subspace. We now look for all product states in S⊥ . Let us choose two orthogonal states |χ1〉 and |χ2〉, both
being orthogonal to |Aˆ1 = + 32 〉 and |Aˆ2 = − 32 〉. They must satisfy the following conditions:
|χi〉 = ai|Aˆ2 = +3
2
〉+ bi|Aˆ2 = +1
2
〉+ ci|Aˆ2 = −1
2
〉,
at least two of ai, bi, ci 6= 0 for a given i, i ∈ {1, 2},
and a∗1a2 + b
∗
1b2 + c
∗
1c2 = 0.
We now consider the following product states:
|Φ9〉 = |χ1〉 ⊗ |Bˆ2 = + 32 〉,
|Φ10〉 = |χ2〉 ⊗ |Bˆ2 = + 32 〉,
|Φ11〉 = |χ1〉 ⊗ |Bˆ2 = + 12 〉,
|Φ12〉 = |χ2〉 ⊗ |Bˆ2 = + 12 〉,
|Φ13〉 = |χ1〉 ⊗ |Bˆ2 = − 12 〉,
|Φ14〉 = |χ2〉 ⊗ |Bˆ2 = − 12 〉.


(40)
Similarly, let us choose two orthogonal states |η1〉 and |η2〉, both being orthogonal to |Bˆ1 = + 32 〉 and |Bˆ2 = − 32 〉.
They must satisfy the following conditions:
|ηi〉 = xi|Bˆ2 = +3
2
〉+ yi|Bˆ2 = +1
2
〉+ zi|Bˆ2 = −1
2
〉,
at least two of xi, yi, zi 6= 0 for a given i, i ∈ {1, 2},
and x∗1x2 + y
∗
1y2 + z
∗
1z2 = 0.
We then consider the following product states:
|Φ15〉 = |Aˆ2 = + 32 〉 ⊗ |η1〉,
|Φ16〉 = |Aˆ2 = + 32 〉 ⊗ |η2〉,
|Φ17〉 = |Aˆ2 = + 12 〉 ⊗ |η1〉,
|Φ18〉 = |Aˆ2 = + 12 〉 ⊗ |η2〉,
|Φ19〉 = |Aˆ2 = − 12 〉 ⊗ |η1〉,
|Φ20〉 = |Aˆ2 = − 12 〉 ⊗ |η2〉.


(41)
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For every choice of the four states |χ1〉, |χ2〉, |η1〉 and |η2〉, Eq.(40) and Eq.(41) give rise to a set of twelve product
states. So, by varying |χ1〉, |χ2〉, |η1〉 and |η2〉, we can have infinitely many classes of such twelve product states.
However, one can show that only eight of these infinitely many product states in S⊥ are linearly independent.
In particular, the eight states {|Φi〉, i : 9 to 16}, that appeared in Eq.(40) and Eq.(41), are linearly independent.
Moreover, one must also note that all the kets {|Φi〉, i = 9 to 20} are orthogonal not only to the subspace S, but also
to the state |Φ8〉.
D. The Hardy subspace
The most general state |Ψ〉 satisfying the conditions in Eq.(38), has to be of the form |Ψ〉 = v0|ψ〉+
16∑
i=9
vi|Φi〉, with
16∑
i, j=9
viv
∗
j 〈Φj |Φi〉+ |v0|2 = 1, v0 6= 0, where |ψ〉 spans the one-dimensional subspace (S⊕S′)⊥ of the Hardy subspace
S⊥ . Using Gram-Schmidt orthonormalization method, one can get the unique form of |ψ〉 as:
|ψ〉 =
|Φ8〉 −
7∑
i=1
〈Φ′i|Φ8〉|Φ′i〉√√√√1− 7∑
i=1
|〈Φ′i|Φ8〉|2
, (42)
where |Φ′i〉’s are given by:
|Φ′1〉 = |Φ1〉,
|Φ′2〉 = |Φ2〉,
|Φ′3〉 = |Φ3〉,
|Φ′4〉 = |Φ4〉.


|Φ′5〉 = |Φ′′5 〉,
|Φ′6〉 = |Φ
′′
6 〉−〈Φ′5|Φ′′6 〉|Φ′5〉√
1−(|〈Φ′5|Φ′′6 〉|2)
,
|Φ′7〉 = |Φ
′′
7 〉−〈Φ′5|Φ′′7 〉|Φ′5〉−〈Φ′6|Φ′′7 〉|Φ′6〉√
1−(|〈Φ′5|Φ′′7 〉|2+|〈Φ′6|Φ′′7 〉|2)
.


with |Φ′′5〉 = |Φ5〉−〈Φ
′
2|Φ5〉|Φ′2〉−〈Φ′3|Φ5〉|Φ′3〉−〈Φ′4|Φ5〉|Φ′4〉√
1−(|〈Φ′2|Φ5〉|2+|〈Φ′3|Φ5〉|2+|〈Φ′4|Φ5〉|2)
,
|Φ′′6〉 = |Φ6〉−〈Φ
′
2|Φ6〉|Φ′2〉−〈Φ′3|Φ6〉|Φ′3〉−〈Φ′4|Φ6〉|Φ′4〉√
1−(|〈Φ′2|Φ6〉|2+|〈Φ′3|Φ6〉|2+|〈Φ′4|Φ6〉|2)
,
|Φ′′7〉 = |Φ7〉−〈Φ
′
2|Φ7〉|Φ′2〉−〈Φ′3|Φ7〉|Φ′3〉−〈Φ′4|Φ7〉|Φ′4〉√
1−(|〈Φ′2|Φ7〉|2+|〈Φ′3|Φ7〉|2+|〈Φ′4|Φ7〉|2)
.


E. Functional form of the amount of nonlocality
The amount of nonlocality q for the maximally non-local Hardy state |Ψ〉 = |ψ〉 (like in section VG), is given by:
q = |〈ψ|Φ8〉|2
= 1−
7∑
i=1
|wi|2, (43)
where wi = 〈Φ′i|Φ8〉 for i ∈ {1, 2, 3, 4, 5, 6, 7}.
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Now, one can find out the values of |wi|2 in terms of the coefficients ajk’s and bjk’s that appeared in Eq.(37). q
then takes the form:
q = (1− (|a24|2 + |a34|2 + |a44|2))− |b24|
2(1−(|a24|2+|a34|2+|a44|2))2
(1−|b24|2(|a24|2+|a34|2+|a44|2))
− |b34|2(1−(|a24|2+|a34|2+|a44|2))2(1−|b24|2(|a24|2+|a34|2+|a44|2))(1−(|b24|2+|b34|2)(|a24|2+|a34|2+|a44|2))
− |b44|2(1−(|a24|2+|a34|2+|a44|2))2(1−(|b24|2+|b34|2)(|a24|2+|a34|2+|a44|2)) 1(1−((|b24|2+|b34|2+|b44|2)(|a24|2+|a34|2+|a44|2)))
−|a14b14|2,


(44)
Upon substitution of the coefficients in terms of θ1, θ2, φ1 and φ2, q takes the form:
q = −{8 cos2 θ12 cos2 θ22 (15− 8 cos θ1 + cos 2θ1)(15− 8 cos θ2 + cos 2θ2) sin6 θ12 sin6 θ22 }
/{165 cosθ1 − 66 cos2θ1 + 11 cos3θ1 + 30 cos2 θ12 (15− 8 cos θ1 + cos 2θ1) cos 2θ2
−12 cos2 θ12 (15− 8 cos θ1 + cos 2θ1) cos 2θ2
+2 cos2 θ12 (15− 8 cos θ1 + cos 2θ1) cos 3θ2 − 270}.

 (45)
F. Maximizing q through observables
The partial derivatives of q (given in Eq.(45)) with respect to θ1 and θ2 are calculated, cos θ1 replaced with a, and
cos θ2 replaced with b (a, b ∈ (−1, +1)), and the following simultaneous equation are solved:
∂q
∂θ1
= 0, ∂q∂θ2 = 0.
i.e.
(−41 + a(3 + (−3 + a)a)(−30 + 7a(3 + (−3 + a)a)) + 147b+ 3a(3 + (−3 + a)a)
(14 + a(3 + (−3 + a)a))b − 3(1 + a)2(7 + (−4 + a)a)2b2 + (1 + a)2(7 + (−4 + a)a)2b3)
× −3(1−a)(5/2)
√
1+a(1−b)3(1+b)(7+(−4+b)b)
16(−51+11a(3+(−3+a)a)+(1+a)(7+(−4+a)a)(3+2b(3+(−3+b)b)))2 = 0,
3(1− a)3(1 + a)(7 + (−4 + a)a)(1 − b)5/2√1 + b(−102 + 11b(3 + (−3 + b)b))
× 229−(3+2a(3+(−3+a)a))(1+b)2(7+(−4+b)b)2−b(3+(−3+b)b)2(16(−51+11a(3+(−3+a)a)+(1+a)(7+(−4+a)a)(3+2b(3+(−3+b)b)))2)
= 0.


The above equations give rise to the following solution: (cos θ1, cos θ2) = 1− 22/3(3−
√
5)1/3, 1− 22/3(3−√5)1/3).
Thus we see that the optimal value of the symmetric function q in Eq.(44) occurs on the plane θ1 = θ2. Now
taking θ1 = θ2 = θ(say) in Eq.(44) and maximizing q over θ, one can see that at that value of θ ∈ (0, pi) for
which cos θ = 1 − 22/3(3 − √5)1/3, q attains its maximum value, which is equal to −11+5
√
5
2 ≈ 0.0901699, and the
corresponding value of θ is 116.815 degrees.
VII. GENERIC FORMS OF |ψ〉 AND q
From the analyses of the systems of two spin- 12 , spin-1 and spin-
3
2 particles so far, we highlight a pattern in the
forms of the maximally nonlocal state |ψ〉 and the amount of nonlocality, q, exhibited by |ψ〉, as a function of the
observables (i.e. as a function of θ1, θ2, φ1, φ2).
The state |ψ〉 of two spin-j particles (where j ∈ 12N , N being the set of all positive integers), for a given set of
observables (Aˆ1, Aˆ2, Bˆ1 and Bˆ2), which satisfies the Hardy’s nonlocaltiy conditions Eq.(3)–Eq.(6) maximally, is given
by:
|ψj〉 =
|Φ4j+2〉 −
4j+1∑
i=1
〈Φ′i|Φ4j+2〉|Φ′i〉√√√√1− 4j+1∑
i=1
|〈Φ′i|Φ4j+2〉|
, where j ∈ 1
2
N (N being the set of all positive integers), (46)
(47)
where |Φ′1〉 = |Aˆ1 = +j〉 ⊗ |Bˆ1 = +j〉, |Φ′2〉 = |Aˆ1 = +j − 1〉 ⊗ |Bˆ2 = −j〉, ..., |Φ′2j+1〉 = |Aˆ1 = −j〉 ⊗ |Bˆ2 = −j〉,
while |Φ′2j+2〉, ..., |Φ′4j+1〉 are pairwise orthogonal states in the (4j + 1)-dimensional subspace S (spanned by the
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linearly independent vectors |Aˆ1 = +j〉 ⊗ |Bˆ1 = +j〉, |Aˆ1 = +j − 1〉 ⊗ |Bˆ2 = −j〉, ..., |Aˆ1 = −j〉 ⊗ |Bˆ2 = −j〉, |Aˆ2 =
−j〉 ⊗ |Bˆ1 = +j − 1〉, ..., |Aˆ2 = −j〉 ⊗ |Bˆ1 = −j〉) and are orthogonal to all of |Φ′1〉, ..., |Φ′2j+1〉.
The maximum value of q for a given set of observables Aˆ1, Aˆ2, Bˆ1 and Bˆ2 corresponding to spin-j ∈ 12N , is given
by:
qj = 1−
4j+1∑
i=1
|〈Φ′i|Φ4j+2〉|2, (48)
|Φ′i〉’s being described above. The values of q 12 , q1 and q 32 (given in Eq.(21), Eq.(36) and Eq.(45) respectively) have
got a pattern which we assume here to be true for the case j = 2 also. Appendix D guarantees that, like in the cases
for j = 12 , 1 and
3
2 , the maximum value of q2 is also
−11+5√5
2 ≈ 0.0901699. Fig.1(a) shows the plots of qj values as
functions of θ1, θ2, for j =
1
2 , 1,
3
2 and 2, while Fig.1(b) shows the projection of the same plots on the θ1 = θ2 plane.
The results described so far for spin values 12 , 1,
3
2 and 2 insist us to make the following conjecture.
Conjecture: The Hardy’s nonlocality conditions given in Eq.(1), for any system of two spin-j particles (where
j ∈ { 12 , 1, 32 , . . .} ≡ (1/2)IN , IN being the set of all positive integers), with two non-commuting spin-j observables
per particle, are satisfied with a maximum value of q over all possible choices of the spin-j observables as −11+5
√
5
2 ≈
0.0901699.
VIII. CONCLUSION
Hardy-type nonlocality conditions give rise to contradiction of quantum mechanics with local-realistic description
in a straight forward manner without going into statistical inequalities (like Bell’s inequalities). However, the Hardy-
type nonlocality conditions in general, are weaker than the Bell’s inequality violations. For a given pair of non-
commuting spin-j observables per site, we have found entangled states |ψj〉 that give rise to maximum nonlocality (in
the corresponding Hardy’s nonlocality test) for j = 12 , j = 1 and j =
3
2 . We have maximized the nonlocality exhibited
by them over all possible choice of the spin-j observables. The maximum nonlocalities have surprisingly turned out to
be the same (−11+5
√
5
2 ≈ 0.0901699) for these three cases. We have figured out a pattern in the form of the maximally
nonlocal state and it’s maximum amount of nonlocality. The pattern is extended to spin j = 2 and the result verified
(Appendix D). It is conjectured that the maximum amount of nonlocality that can be obtained by the Hardy’s
nonlocality test on bipartite systems of higher spin values also remains the same. We have also shown that as in the
case of a spin- 12 bipartite system, no maximally entangled state of any spin-j bipartite system (where j ∈ (1/2)IN)
responds to the Hardy’s nonlocality test. Whether a given non-maximally entangled pure state of two spin-j particles
satisfies Hardy’s nonlocality conditions can be decided by looking at the SU(2j + 1)⊗SU(2j + 1)-invariants of the
states in the Hardy subspace (defined above), which we have described for the cases j = 12 , j = 1.
It is a common belief that nonlocality in quantum mechanics ceases to hold good as we increase the spin value, as
that would amount to bringing down the corresponding spin systems nearer to the classical world. However, as in the
case of Bell-type inequalities [6, 7], our result shows persistence of nonlocal effect, even if we consider a weaker type
of nonlocality, namely, the Hardy-type nonlocality.
The question of finding the states as well as observables for two spin-j particles for the maximal violation of Bell-
type inequalities is difficult to answer as there can be several independent Bell-type inequalities in this case (see for
example, [8]), which will be maximally violated by different entangled states, and the amount of maximal violations
are also different, in general. Also, these maximal violations will, in general, vary with spin values. This feature will
of course depend on the geometry of the state space. We would like to explore in the future, this geometry in the case
of the Hardy’ nonlocality test for two spin-j particles, specifically for the reason behind getting the same maximum
value −11+5
√
5
2 . We believe that this feature is typical of all nonlocality without inequality arguments, not only for
the Hardy-type nonlocality argument.
Interestingly, in the line of the conjecture, it might also happen that the maximum value of the nonlocal probability
q in the Hardy’ nonlocality test for two (2j + 1)-level particles, will remain one and the same for all non-signalling
joint probability distributions (satisfying Hardy-type nonlocality argument given in Eq.(1)).
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IX. APPENDICES
Appendix A
Here, we prove that the states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉 of Eq.(28), are linearly independent and span a 5-d
subspace S, of CI 3 ⊗ CI 3.
Proof: Consider a linear combination of |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉 equated to zero:
a|Φ1〉+ b|Φ2〉+ c|Φ3〉+ d|Φ4〉+ e|Φ5〉 = 0.
⇒ a|Aˆ1 = +1〉 ⊗ |Bˆ1 = +1〉+ b|Aˆ1 = 0〉 ⊗ |Bˆ2 = −1〉+ c|Aˆ1 = −1〉 ⊗ |Bˆ2 = −1〉
+d|Aˆ2 = −1〉 ⊗ |Bˆ1 = 0〉+ e|Aˆ2 = −1〉 ⊗ |Bˆ1 = −1〉 = 0. (49)
Using Eq.(26) in the above equation, we get:
a(a11|Aˆ2 = +1〉+ a12|Aˆ2 = 0〉+ a13|Aˆ2 = −1〉)
⊗(b11|Bˆ2 = +1〉+ b12|Bˆ2 = 0〉+ b13|Bˆ2 = −1〉) +
b(a21|Aˆ2 = +1〉+ a22|Aˆ2 = 0〉+ a23|Aˆ2 = −1〉)⊗ |Bˆ2 = −1〉 +
c(a31|Aˆ2 = +1〉+ a32|Aˆ2 = 0〉+ a33|Aˆ2 = −1〉)⊗ |Bˆ2 = −1〉 +
d|Aˆ2 = −1〉 ⊗ (b21|Bˆ2 = +1〉+ b22|Bˆ2 = 0〉+ b23|Bˆ2 = −1〉) +
e|Aˆ2 = −1〉 ⊗ (b31|Bˆ2 = +1〉+ b32|Bˆ2 = 0〉+ b33|Bˆ2 = −1〉) = 0.
⇒
|Aˆ2 = +1〉 ⊗ [aa11b11|Bˆ2 = +1〉+ aa11b12|Bˆ2 = 0〉+ (aa11b13 + ba21 + ca31)|Bˆ2 = −1〉] +
|Aˆ2 = 0〉 ⊗ [aa12b11|Bˆ2 = +1〉+ aa12b12|Bˆ2 = 0〉+ (aa12b13 + ba22 + ca32)|Bˆ2 = −1〉] +
|Aˆ2 = −1〉 ⊗ [(aa13b11 + db21 + eb31)|Bˆ2 = +1〉 +
(aa13b12 + db22 + eb32)|Bˆ2 = 0〉+ (aa13b13 + ba23 + ca33 + db23 + eb33)|Bˆ2 = −1〉] = 0.
(50)
Since the eigenvectors |Aˆ2 = +1〉, |Aˆ2 = 0〉 and |Aˆ2 = −1〉 are mutually orthogonal, all the three terms on the
L.H.S. of Eq.(50) must be separately zero. Thus we get:
aa11b11|Bˆ2 = +1〉+ aa11b12|Bˆ2 = 0〉+ (aa11b13 + ba21 + ca31)|Bˆ2 = −1〉 = 0,
aa12b11|Bˆ2 = +1〉+ aa12b12|Bˆ2 = 0〉+ (aa12b13 + ba22 + ca32)|Bˆ2 = −1〉 = 0,
(aa13b11 + db21 + eb31)|Bˆ2 = +1〉+
(aa13b12 + db22 + eb32)|Bˆ2 = 0〉+ (aa13b13 + ba23 + ca33 + db23 + eb33)|Bˆ2 = −1〉 = 0.

 (51)
Since the eigenvectors |Bˆ2 = +1〉, |Bˆ2 = 0〉 and |Bˆ2 = −1〉 are also mutually orthogonal, the coefficients of all the
three eigenvectors must be separately zero in each of the conditions in Eq.(51). Since 0 < |〈Aˆ1 = i|Aˆ2 = j〉| < 1 and
0 < |〈Bˆ1 = i|Bˆ2 = j〉| < 1, for all i, j ∈ {+1, 0, −1} as per the assumption, a = 0 and
ba21 + ca31 = 0,
ba22 + ca32 = 0,
db21 + eb31 = 0,
db22 + eb32 = 0,
ba23 + ca33 + db23 + eb33 = 0.


(52)
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A nontrivial solution for b, c, d, e exists iff the coefficient matrix M of the above set of simultaneous equations,
has a row-rank ≤ 3, where
M =


a21 a31 0 0
a22 a32 0 0
0 0 b21 b31
0 0 b22 b32
a23 a33 b23 b33

 .
We now consider the 1st four rows of M . Upon substitution of the aij ’s and bij ’s in terms of (θ1, φ1) and (θ2, φ2),
the reduced matrix gives the following determinant:
∣∣∣∣∣∣∣∣∣∣∣
− e−2iφ1 sin θ1√
2
e−2iφ1 (1−cos θ1)
2 0 0
e−iφ1 cos θ1 − e
−iφ1 sin θ1√
2
0 0
0 0 − e−2iφ2 sin θ2√
2
e−2iφ2 (1−cos θ2)
2
0 0 e−iφ2 cos θ2 − e
−iφ2 sin θ2√
2
∣∣∣∣∣∣∣∣∣∣∣
=
e−3i(φ1+φ2)(2 + cos θ1) sin2 θ12 sin
2 θ2
2
2
,
which is non-zero for all θ1, θ2 ∈ (0, pi) and φ1, φ2 ∈ [0, 2pi) (including θ1 = pi2 and θ2 = pi2 ).
Hence, the rank of M is at least four. Thus, there exists no nontrivial solution for b, c, d, e. This proves that the
states |Φ1〉, |Φ2〉, |Φ3〉, |Φ4〉 and |Φ5〉 are linearly independent and form a 5-d subspace S. QED
Appendix B
Here, we prove that the states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉 of Eq.(29), span a 3-d subspace S′, of S⊥ .
Proof: Consider a linear combination of the states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉 equated to zero:
α|Φ7〉+ β|Φ8〉+ γ|Φ9〉+ δ|Φ10〉 = 0. (53)
=>
α√
|b11|2 + |b12|2
[
b∗12|Aˆ2 = +1〉 ⊗ |Bˆ2 = +1〉 − b∗11|Aˆ2 = +1〉 ⊗ |Bˆ2 = 0〉
]
+
β√
|b11|2 + |b12|2
[
b∗12|Aˆ2 = 0〉 ⊗ |Bˆ2 = +1〉 − b∗11|Aˆ2 = 0〉 ⊗ |Bˆ2 = 0〉
]
+
γ√
|a11|2 + |a12|2
[
a∗12|Aˆ2 = +1〉 ⊗ |Bˆ2 = +1〉 − a∗11|Aˆ2 = 0〉 ⊗ |Bˆ2 = +1〉
]
+
δ√
|a11|2 + |a12|2
[
a∗12|Aˆ2 = +1〉 ⊗ |Bˆ2 = 0〉 − a∗11|Aˆ2 = 0〉 ⊗ |Bˆ2 = 0〉
]
= 0. (54)
=〉
(
αb∗12√
|b11|2 + |b12|2
+
γa∗12√
|a11|2 + |a12|2
)
|Aˆ2 = 1〉 ⊗ |Bˆ2 = 1〉
+
(
− αb
∗
11√
|b11|2 + |b12|2
+
δa∗12√
|a11|2 + |a12|2
)
|Aˆ2 = 1〉 ⊗ |Bˆ2 = 0〉
+
(
βb∗12√
|b11|2 + |b12|2
− γa
∗
11√
|a11|2 + |a12|2
)
|Aˆ2 = 0〉 ⊗ |Bˆ2 = 1〉
+
(
− βb
∗
11√
|b11|2 + |b12|2
− δa
∗
11√
|a11|2 + |a12|2
)
|Aˆ2 = 0〉 ⊗ |Bˆ2 = 0〉 = 0. (55)
Since the states |Aˆ2 = +1〉 ⊗ |Bˆ2 = +1〉, |Aˆ2 = +1〉 ⊗ |Bˆ2 = 0〉, |Aˆ2 = 0〉 ⊗ |Bˆ2 = +1〉 and |Aˆ2 = 0〉 ⊗ |Bˆ2 = 0〉 are
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pair-wise orthogonal, their coefficients must be separately zero, i.e.,
αb∗12√
|b11|2+|b12|2
+
γa∗12√
|a11|2+|a12|2
= 0,
αb∗11√
|b11|2−|b12|2
+
δa∗12√
|a11|2+|a12|2
= 0,
βb∗12√
|b11|2+|b12|2
− γa∗11√|a11|2+|a12|2 = 0,
βb∗11√
|b11|2+|b12|2
+
δa∗11√
|a11|2+|a12|2
= 0.


The determinant of the coefficient matrix of the above system of linear equations, in the variables α, β, γ and δ, is:
det(M) =
∣∣∣∣∣∣∣
b∗12N1 0 a
∗
12N2 0
b∗11N1 0 0 −a∗12N2
0 b∗12N1 −a∗11N2 0
0 b∗11N1 0 a
∗
11N2
∣∣∣∣∣∣∣ ,
(where N1 =
1√
|b11|2 + |b12|2
, N2 =
1√
|a11|2 + |a12|2
.), which is identically equal to 0.
Thus the states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉 are not linearly independent. When one of the terms in Eq.(53) is made
equal to zero, say δ = 0, the determinant of the coefficient matrix takes the form:
detM =
∣∣∣∣∣∣
b∗12N1 0 a
∗
12N2
b∗11N1 0 0
0 b∗12N1 −a∗11N2
∣∣∣∣∣∣ = (b11b12a12)∗N21N2,
which is non-zero. Hence, it can be concluded that three out of the four states |Φ7〉, |Φ8〉, |Φ9〉 and |Φ10〉, are linearly
independent and span the 3-d subspace S′, of S⊥ . QED
Appendix C
The coefficients aij ’s and bij ’s mentioned in Eq.(37) are as follows:
a11 =
e−3iφ1 cot3
θ1
2√
1+3 cot4
θ1
2 +cot
6 θ1
2 +3 cot θ1+csc
2 θ1
,
a12 =
√
3e−2iφ1 cot2
θ1
2√
1+3 cot4
θ1
2 +cot
6 θ1
2 +3 cot θ1+csc
2 θ1
,
a13 =
√
3e−iφ1 cot
θ1
2√
1+3 cot4
θ1
2 +cot
6 θ1
2 +3 cot θ1+csc
2 θ1
,
a14 =
1√
1+3 cot4
θ1
2 +cot
6 θ1
2 +3 cot θ1+csc
2 θ1
,


a21 = −
√
3e−3iφ1 cot
θ1
2√
3+3 cot2
θ1
2 +(−3+csc2
θ1
2 )
2+(3 cot θ1+csc θ1)2
,
a22 =
e−2iφ1 (−3+csc2 θ12 )√
3+3 cot2
θ1
2 +(−3+csc2
θ1
2 )
2+(3 cot θ1+csc θ1)2
,
a23 =
e−iφ1 (3 cot θ1+csc θ1)√
3+3 cot2
θ1
2 +(−3+csc2
θ1
2 )
2+(3 cot θ1+csc θ1)2
,
a24 =
√
3√
3+3 cot2
θ1
2 +(−3+csc2
θ1
2 )
2+(3 cot θ1+csc θ1)2
,


a31 =
2
√
3e−iφ1 tan
θ1
2√
(6− 41+cos θ1 )2+4(3+(−1+3 cos θ1)2 csc2 θ1+3 tan2
θ1
2 )
,
a32 =
e−2iφ1 (6− 41+cos θ1 )√
(6− 41+cos θ1 )2+4(3+(−1+3 cos θ1)2 csc2 θ1+3 tan2
θ1
2 )
,
a33 =
e−iφ1 (6 cot θ1−2 csc θ1)√
(6− 41+cos θ1 )2+4(3+(−1+3 cos θ1)2 csc2 θ1+3 tan2
θ1
2 )
,
a34 =
2
√
3√
(6− 41+cos θ1 )2+4(3+(−1+3 cos θ1)2 csc2 θ1+3 tan2
θ1
2 )
,


20
a41 = − e
−3iφ1 tan3
θ1
2√
1+3(cot θ1−csc θ1)2+3 tan4 θ12 +tan6
θ1
2
,
a42 =
√
3e−2iφ1 tan2
θ1
2√
1+3(cot θ1−csc θ1)2+3 tan4 θ12 +tan6
θ1
2
,
a43 = −
√
3e−iφ1 tan
θ1
2√
1+3(cot θ1−csc θ1)2+3 tan4 θ12 +tan6
θ1
2
,
a44 =
1√
1+3(cot θ1−csc θ1)2+3 tan4 θ12 +tan6
θ1
2
,


and similar expressions for the corresponding coefficients bij , with (θ1, φ1) being replaced by (θ2, φ2).
Appendix D
A spin-2 bipartite system
The spin-2 observables Aˆ1 and Bˆ1 may be written in their most general form, in the eigen-bases of Aˆ2 ≡ Sˆz and
Bˆ2 ≡ Sˆz, as:
Aˆ1 =


2 cos θ1 sin θ1e
−iφ1 0 0 0
sin θ1e
iφ1 cos θ1
√
3
2 sin θ1e
−iφ1 0 0
0 0
√
3
2 sin θ1e
iφ1 − cos θ1 sin θ1e−iφ1
0 0 0 sin θ1e
iφ1 −2 cos θ1


and a similar expression for Bˆ1 with (θ1, φ1) replaced by (θ2, φ2).
The expression for q of the maximally nonlocal state of this sytem can be deduced to be of the form:
q =
−{16 cos2 θ12 cos2 θ22 (47 cos θ1 − 10(7 + cos 2θ1) + cos 3θ1)
×(47 cos θ2 − 10(7 + cos 2θ2) + cos 3θ2) sin8 θ12 sin8 θ22 }
/{−7735− 2604 cos2θ1 + 744 cos3θ1 − 93 cos4θ1 + 15680 cos2 θ12 cos θ2
+4(cos θ1(1302 + 47 cos
2 θ1
2 (−56 cos θ2 + 28 cos 2θ2 − 8 cos 3θ2 + cos 4θ2)
+ cos2 θ12 (−70(28 cos2θ2 − 8 cos 3θ2 + cos 4θ2) + (−10 cos2θ1 + cos 3θ1)×(−56 cosθ2 + 28 cos 2θ2 − 8 cos 3θ2 + cos 4θ2))))}.


One can now proceed in the direction of section VH and show that the maximum value of q will occur on the plane
θ1 = θ2. Thus, in order to maximize q, we maximize the following function obtained by replacing θ1 = θ2 = θ in the
expression for q in Eq.(56):
q =
(−70 + 47 cosθ − 10 cos 2θ + cos 3θ)2 sin8 θ2 cos4 θ2
8(−221− 56 cos θ + 28 cos 2θ − 8 cos 3θ + cos 4θ) . (56)
This function maximizes to −11+5
√
5
2 ≈ 0.0901699, at θ1 = θ2 = θ = 124.9 degrees.
